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Abstract
The purpose of this paper is to present a new mathematical model for
the deformation of thin Cosserat elastic plates. Our approach, which is
based on a generalization of the classical Reissner plate theory, takes into
account the transverse variation of microrotation of the plates. The model
assumes polynomial approximations over the plate thickness of asymmet-
ric stress, couple stress, displacement, and microrotation, which are con-
sistent with the elastic equilibrium, boundary conditions and the consti-
tutive relationships. Based on the generalized Hellinger-Prange -Reissner
variational principle and strain-displacement relation we obtain the com-
plete theory of Cosserat plate. We also proved the solution uniqueness for
the plate boundary value problem.
AMSMathematics Subject Classification (2000): 74B99, 74K20,
74S20, 74E20
Key words: Cosserat materials, elastic plates, transverse microro-
tation, variational principle
1 Introduction
The well known classical bending theory of elastic plates [6], [7], [17], was first
presented by Kirchhoff in his thesis (1850) and is described by a bi-harmonic
differential equation [2],[17]. The usual assumption of this theory is that the
normal to the middle plane remains normal during deformation. Thus the theory
neglects transverse shear strain effects. A system of equations, which takes into
account the transverse shear deformation, has been developed by E. Reissner
(1945) [13], [14].
One of the advantages of Reissner’s model is that it is able to determine
the reactions along the edges of a simply supported rectangular plate, where
classical theory leads to a concentrated reaction at the corners of the plate.
The Reissner theory has been applied to thin walled structures with moderate
1
thickness. The study of the relationships between these two models has proved
that the solution of the clamped Reissner plate approaches the solution of the
Kirchhoff plate as the thickness approaches zero [1] and that the maximum
bending can reach up to 20% for moderate plate thickness [2]. The numerical
calculations of bending behavior of the plate of moderate thickness, [16] show
high level agreement between 3D and Reissner models. More remarks on the
history of the modeling of classic linear elastic plates can be found in [6], [16],
[15].
In order to describe deformation of elastic plates with microstructure that
possess grains, particles, fibers, and cellular structures [10], [11]. A. C. Eringen
(1967) was the first to propose a theory of plates in the framework of Cosserat
(micropolar) Elasticity [3]. His theory is based on a direct technique of integra-
tion of the Cosserat Elasticity. The Eringen plate theory does not consider a
transverse variation of the microrotation over the thickness, which might be nec-
essary for rather thick plates under vertical load and pure twisting momentum.
In order to develop a theory of plates, which can be used for thin wall structures
with moderate thickness, we propose to use the classic Reissner plate theory as
a foundation for the modeling of Cosserat elastic plates. Our approach, in addi-
tion to the traditional model, takes into account the second order approximation
of couple stresses and the variation of three components of microrotation in the
thickness direction.
2 Micropolar (Cosserat) Linear Elasticity
2.1 Fundamental Equations
Before proceeding some notation convention should be explained. We use the
usual summation conventions and all expressions that contain Latin letters as
subindices are understood to take values in the set {1, 2, 3}. When Greek letters
appear as subindices then it will be assumed that they can take the values 1 or
2.
The Cosserat elasticity equilibrium equations without body forces represent
the balance of linear and angular momentums of micropolar elasticity and have
the following form [3]:
divσ= 0 , (1)
ε · σ +divµ = 0, (2)
where the quantity σ = {σji} is the stress tensor, µ =
{
µji
}
the couple stress
tensor, ε = {εijk} is the Levi–Civita tensor, where εijk equals 1 or -1 accord-
ing as (i, j, k) is an even or odd permutation of 1,2,3 and zero otherwise, and
ε · σ = {εijkσjk} .
The constitutive equations can be written in the form [12]:
σ = (µ+ µc)γ + (µ− µc)γ
T + λ(trγ)1, (3)
µ = (γ + ǫ)χ + (γ − ǫ)χT + β(trχ)1, (4)
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and the strain-displacement and torsion-rotation relations
γ =(∇u)T +ε · ϕ and χ = ∇ϕ, (5)
where quantities γ and χ , are the micropolar strain and torsion tensors, u and
ϕ the displacement and rotation vectors respectively, 1 the identity tensor, and
µ, λ are the symmetric, µc, β,γ,ǫ the asymmetric Cosserat elasticity constants.
In the reversible form:
γ = (µ′ + µ′c)σ + (µ
′ − µ′c)σ
T + λ′(trσ)1, (6)
χ = (γ′ + ǫ′)µ+ (γ′ − ǫ′)µT + β(trµ)1. (7)
where µ′ = 14µ , µ
′
c =
1
4µ
c
, γ′ = 14γ , ǫ
′ = 14ǫ , λ
′ = −λ
6µ(λ+ 2µ
3
)
and β′ = −β
6µ(β+ 2γ
3
)
.
We consider a Cosserat elastic body B0. In this case the equilibrium equa-
tions (1) - (2) with constitutive formulas (3) - (4) and kinematics formulas (5)
should be accompanied by the following mixed boundary conditions
u = uo, ϕ = ϕo on G1 = ∂B0\∂Bσ, (8)
σn = σ · n = σo, µn = µ · n = µo on G2 = ∂Bσ, (9)
where uo, ϕo are prescribed on G1, σo and µ on G2, and n denotes the outward
unit normal vector to ∂B0.
2.2 Cosserat Elastic Energy
The strain stored energy UC of the body B0 is defined by the integral [12]:
UC =
∫
B0
W {γ,χ} dv, (10)
where
W {γ,χ} =
µ+ µc
2
γijγij +
µ− µc
2
γijγji +
λ
2
γkkγnn (11)
+
γ + ǫ
2
χijχij +
γ − ǫ
2
χijχji +
β
2
χkkχnn,
then the constitutive relations (3) - (4) can be written in the form:
σ = Cσ [W] = ∇γW and µ = Cµ [W] = ∇χW. (12)
The function W is positive if and only if [12]
µ > 0, 3λ+ 2µ > 0,
γ > 0, 3β + 2γ > 0, (13)
µc > 0, µ+ µc > 0, ǫ > 0.
3
The following conditions [9] for the Cosserat elastic energy
µ > 0, 3λ+ 2µ > 0,
γ > 0, 3β + 2γ > 0, (14)
µc ≥ 0, ǫ ≥ 0.
are enough to provide the uniqueness of static problems.
For future convenience, we present the stress energy
UK =
∫
B0
Φ {σ,µ} dv,
where
Φ {σ,µ} =
µ′ + µ′c
2
σijσij +
µ′ − µ′c
2
σijσji +
λ′
2
σkkσnn
+
γ′ + ǫ′
2
µijµij +
γ′ − ǫ′
2
µijµji +
β′
2
µkkµnn. (15)
The reversible constitutive relation (6) - (7) can be also written in form:
γ = Kγ [σ] =
∂Φ
∂σ
, χ = Kχ [µ] =
∂Φ
∂µ
. (16)
The total internal work done by the stresses σ and µ over the strains γ and
χ for the body B0 [12] is
U =
∫
B0
[σ · γ + µ · χ] dv (17)
and
U = UK= UC
provided the constitutive relations (3) - (4) hold.
2.3 The Generalized Hellinger-Prange -Reissner (HPR)
Principle
The HPR principle [5] in the case of Cosserat elasticity states, that for any set A
of all admissible states s = [u,ϕ,γ,χ,σ,µ] that satisfy the strain-displacement
and torsion-rotation relations (5), the zero variation
δΘ(s) = 0
of the functional
Θ(s) = UK −
∫
B0
[σ · γ + µ · χ] dv (18)
+
∫
G1
[σn · (u− uo) + µn (ϕ−ϕo)] da+
∫
G2
[σo · u+mo · ϕ] da
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at s ∈A is equivalent of s to be a solution of the system of equilibrium equations
(1) - (2), constitutive relations (6) - (7), which satisfies the mixed boundary
conditions (8) - (9). The proof is similar to the proof for HPR principle for
classic linear elasticity [5].
3 The Cosserat Plate Assumptions
In this section we formulate our stress, couple stress and kinematic assumptions
of the Cosserat plate. The set of points P = {Γ× [−h/2, h/2]} ∪ T ∪ B forms
the entire surface of the plate and {Γu × [−h/2, h/2]} is the lateral part of the
boundary where displacements and microrotations are prescribed. The notation
Γσ = Γ\Γu of the remainder we use to describe the lateral part of the boundary
edge {Γσ × [−h/2, h/2]} where stress and couple stress are prescribed. We also
use notation P0 for the middle plane internal domain of the plate.
In our case we consider the vertical load and pure twisting momentum
boundary conditions at the top and bottom of the plate, which can be writ-
ten in the form:
σ33(x1, x2, h/2) = σ
t(x1, x2), σ33(x1, x2,−h/2) = σ
b(x1, x2), (19)
σ3β(x1, x2,±h/2) = 0, (20)
µ33(x1, x2, h/2) = µ
t(x1, x2), µ33(x1, x2,−h/2) = µ
b(x1, x2), (21)
µ3β(x1, x2,±h/2) = 0, (22)
where (x1, x2) ∈ P0.
3.1 Stress and Couple Stress Assumptions
Our approach, which is in the spirit of the Reissner’s theory of plates [13],
assumes that the variation of stress σkl and couple stress µkl components across
the thickness can be represented by means of polynomials of x3 in such a way
that it will be consistent with the equilibrium equations (1) and (2). First, as
it is assumed in the standard theory of plates, we use expressions for the stress
components in the following form [18]:
σαβ = nαβ(x1, x2) +
h
2
ζ3mαβ(x1, x2), (23)
where ζ3 =
2
h
x3, and α, β ∈ {1, 2}. The only difference between our assump-
tions and those of Reissner’ [13] is that the functions nαβ and mαβ are not
symmetric. Based on (23) and by means of the first two equations of written
in the component form stress equilibrium (1)
σjβ,j = 0
we obtain for the shear stress components
5
σ3β = qβ(x1, x2)
(
1− ζ23
)
, (24)
It is natural to assume that the expressions for the remaining shear stress
component are in the form similar to (24), i.e.
σβ3 = q
∗
β(x1, x2)
(
1− ζ23
)
. (25)
Here, as is usual for the asymmetric elasticity, the functions qβ , q
∗
β . can be
different.
Substituting equations (25) in the remaining equilibrium differential equa-
tion for stress
σj3,j = 0
we obtain the expression for the transverse normal stress
σ33 = ζ3
(
1
3
ζ23 − 1
)
k∗(x1, x2) +m
∗(x1, x2). (26)
The next step is to accommodate approximations (26) to the boundary con-
ditions (19). By direct substitution to (19) it easy to obtain that
σ33 = −
3
4
(
1
3
ζ33 − ζ3
)
p+ σ0, (27)
where p = σt(x1, x2) − σ
b(x1, x2) and σ0 =
1
2
(
σt(x1, x2) + σ
b(x1, x2)
)
satisfy
the boundary condition requirements. We note that expression (27) is identical
to the expression of σ33 given in [13] in the case of σ
b = 0.
It is also assumed that the couple stress µαβ should have expression similar
to the shear stress σ3β expressions (24) - (25):
µαβ =
(
1− ζ23
)
rαβ(x1, x2). (28)
Finally we assume that couple stress µβ3 expression is similar to σαβ (23):
µβ3 = ζ3s
∗
β(x1, x2) +m
∗
β(x1, x2). (29)
Note that the first two equations of (2) can be written in the form
ǫβjkσjk + µjβ,j = 0, (30)
and substituting the couple stress (28) in (30) and taking into account (24) and
(25) we obtain the expression for the transverse shear couple stress:
µ3β =
(
1
3
ζ33 − ζ3
)
sβ(x1, x2) +mβ(x1, x2). (31)
Substituting (31) to boundary conditions (21) we obtain that
sβ(x1, x2) = 0 and mβ(x1, x2) = 0,
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i.e. the transverse shear couple stress
µ3β = 0. (32)
Now, substituting the couple stress (29) and stress (23) in the remaining differ-
ential equation of the equilibrium of angular momentum (2)
ǫ3jkσjk + µj3,j = 0, (33)
we obtain the transverse normal couple stress to be in the form:
µ33 =
1
2
ζ23a
∗(x1, x2) + ζ3b
∗(x1, x2) + c
∗(x1, x2). (34)
The next step is to accommodate boundary conditions (21) to (34). At this
stage we restrict the form of (34), which could allow us to determine couple
stress µ33 directly from boundary conditions (21). To this end we make an
additional assumption that µ33 must be a first order polynomial
µ33 = ζ3b
∗(x1, x2) + c
∗(x1, x2). (35)
This assumption is also consistent with the equilibrium equation (33) and al-
lows us to proceed as we did for the determination of transverse loading stress
(27) from the stress boundary conditions. Now boundary conditions (21) are
sufficient to determine µ33, which must be of the form
µ33 = ζ3v + t, (36)
where v(x1, x2) =
1
2
(
µt(x1, x2)− µ
b(x1, x2)
)
and t(x1, x2) =
1
2
(
µt(x1, x2) + µ
b(x1, x2)
)
.
3.2 Kinematic Assumptions
The choice of kinematic assumptions is based on simplicity and their compati-
bility with the constitutive relationships of stress and couple stress assumptions
(3). As in the standard theory of thin plates, it is assumed that ua displace-
ments are distributed linearly over the thickness of the plate [3] and that u3
does not vary over the thickness of the plate, i.e.
uα = Uα(x1, x2)−
h
2
ζ3Vα(x1, x2), (37)
u3 = w(x1, x2),
The terms Vα(x1, x2) in (37) represent the rotations in middle plane.
In order to accommodate the transverse microrotations to the constitutive
relations (3) we propose the variation of microrotation with respect to x3 by
means of the second and third order polynomials:
ϕα = Θ
0
α(x1, x2)
(
1− ζ23
)
, (38)
ϕ3 = Θ
0
3(x1, x2) + ζ3
(
1−
1
3
ζ23
)
Θ3(x1, x2). (39)
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The constitutive formulas (3) - (4) motivate us to chose the forms (38) and (39),
which produce expressions for ϕα,β and ϕ3,3 similar to what we have for couple
stress approximations (28).
The functions Θ0i in (38) and (39) describe microrotation components in the
middle plane of the plate and Θ3(x1, x2) the slope at the middle plane. Thus, in
the assumptions (38) and (39) the transverse variation effect of microrotations
is not neglected.
4 Specification of HPR Variational Principle for
the Cosserat Plate
The HPR variational principle for a Cosserat plate is most appropriately ex-
pressed in terms of corresponding integrands calculated across the whole thick-
ness. We also introduce the weighted characteristics of displacements, micro-
rotations, strains and stresses of the plate, which will be used to produce the
explicit forms of these integrands.
4.1 The Cosserat plate stress energy density
We define the plate stress energy density by the formula;
Φ(S) =
h
2
∫ 1
−1
Φ {σ,µ} dζ3. (40)
Taking into account the stress and couple stress assumptions (23) - (36) and
by the integrating Φ {σ,µ} with respect ζ3 in [−1, 1] we obtain the explicit
plate stress energy density expression in the form:
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Φ(S) =
λ+ µ
2hµ(3λ+ 2µ)
[
N2αα +
12
h2
M2αα
]
−
λ
2hµ(3λ+ 2µ)
[
N11N22 +
12
h2
M11M22
]
+
µc + µ
8hµcµ
[
(1− δαβ)
(
N2αβ +
12
h2
M2αβ
)
+
6
5
(
QαQα +Q
∗
βQ
∗
β
)]
+
3(µc − µ)
10hµcµ
[
QαQ
∗
α +
5
6
N12N21 +
10
h2
M12M21
]
−
3λ
5hµ(3λ+ 2µ)
pMββ
+
3
5hγ(3β + 2γ)
[
(β + γ)R2αα − βR11R22
]
+
3
10h
(
1
γ
−
1
ǫ
)
R12R21
+
17h(λ+ µ)
280µ(3λ+ 2µ)
p2 −
λ
2µ(3λ+ 2µ)
(Nαα)σ0
+
h(λ+ µ)
2µ(3λ+ 2µ)
σ20 −
γ + ǫ
hγǫ
[
1
8
M∗αM
∗
α +
3
2h2
S∗αS
∗
α +
3
20
(1 − δβγ)R
2
βγ
]
−
β
2γ(3β + 2γ)
Rααt+
h(β + γ)
2γ(3β + 2γ)
t2 +
h(β + γ)
6γ(3β + 2γ)
v2, (41)
where the Cosserat stress set
S =
[
Mαβ, Qα, Q
∗
3α, Rαβ , S
∗
β , Nαβ ,M
∗
α
]
, (42)
where
Mαβ =
(
h
2
)2 ∫ 1
−1
ζ3σαβdζ3 =
h3
12
mαβ, (43)
Qα =
h
2
∫ 1
−1
σ3αdζ3 =
2h
3
qα, Q
∗
α =
h
2
∫ 1
−1
σα3dζ3 =
2h
3
q∗α
Rαβ =
h
2
∫ 1
−1
µαβdζ3 =
2h
3
rαβ ,
S∗α =
(
h
2
)2 ∫ 1
−1
ζ3µα3dζ3 =
h2
6
s∗α,
Nαβ =
h
2
∫ 1
−1
σαβdζ3 = hnαβ , M
∗
α =
h
2
∫ 1
−1
µα3dζ3 = hm
∗
α,
Here M11 and M22 are the bending moments, M12 and M21 the twisting
moments, Qα the shear forces, Q
∗
α the transverse shear forces, R11 and R22 the
micropolar bending moments, R12 and R21 the micropolar twisting moments,
S∗α the micropolar couple moments, all defined per unit length, N11 and N22 are
the bending forces, N12 and N21 the twisting forces, M
∗
α the micropolar shear
couple-stress resultants.
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Then the stress energy of the plate P
USK =
∫
P0
Φ(S)da, (44)
where P0 is the internal domain of the middle plane of the plate P.
4.2 The density of the work done over the Cosserat plate
boundary
In the following consideration we also assume that the proposed stress, couple
stress, and kinematic assumptions are valid for the lateral boundary of the plate
P as well.
We evaluate the density of the work over the boundary Γu × [−h/2, h/2]
W1 =
h
2
∫ 1
−1
[σn · u+ µnϕ] dζ3. (45)
Taking into account the stress and couple stress assumptions (23) - (36) and
kinematic assumptions (37) - (39) we are able to represent W1 by the following
expression:
W1 = Sn·U =MˇαΨα + Qˇ
∗W + RˇαΩ
0
α + Sˇ
∗Ω3 + NˇαUα + Mˇ
∗Ω03, (46)
where the sets Sn and U are defined as
Sn =
[
Mˇα, Qˇ
∗, Rˇα, Sˇ
∗, Nˇα, Mˇ
∗
]
,
U =
[
Ψα,W,Ω
0
α,Ω3, Uα,Ω
0
3
]
and
Mˇα = Mαβnβ , Qˇ
∗ = Q∗βnβ , Rˇα = Rαβnβ ,
Sˇ∗ = S∗βnβ , Nˇα = Nαβnβ, Mˇ
∗ =M∗βnβ ,
In the above nβ is the outward unit normal vector to Γu, and
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Ψα =
3
h
∫ 1
−1
ζ3uαdζ3,
W =
3
4
∫ 1
−1
(
1− ζ2
)
u3dζ3,
Ω0α =
3
4
∫ 1
−1
(
1− ζ2
)
ϕαdζ3 (47)
Ω3 =
3
h
∫ 1
−1
ζ3ϕ3dζ3
Uα =
1
2
∫ 1
−1
uαdζ3,
Ω03 =
1
2
∫ 1
−1
ϕ3dζ3,
Here Ψα are the rotations of the middle plane around xα axis, W the vertical
deflection of the middle plate, Ω0k the microrotations in the middle plate around
xk axis, Uα is the in-plane displacements of the middle plane along xa axis, Ω3
the rate of change of the microrotation ϕ3 along x3.
We also obtain the correspondence between the weighted displacement and
the microrotations (47) and the kinematic variables by applying (37) and (39)
in integration of expressions (47):
Ψα = Vα(x1, x2), W = w(x1, x2), (48)
Ω0α = k1Θ
0
α(x1, x2), Ω3 =
k2
h
Θ3(x1, x2),
Uα = Uα(x1, x2), Ω
0
3 = Θ
0
3(x1, x2),
where coefficients k1 and k2 depend on the variation of microrotations. Under
the conditions (39) we have that k1 =
4
5 and k2 =
8
5 .
The density of the work over the boundary Γσ × [−h/2, h/2]
W2 =
h
2
∫ 1
−1
(σoαuα +moαϕα)nαdζ3
can be presented in the form
W2 = So·U =ΠoαΨα +Πo3W +MoαΩ
0
α +M
∗
o3Ω3 +Σo,αUα +Υo3Ω
0
3,
where
Mαβnβ = Πoα, Rαβnβ =Moα,
Q∗αnα = Πo3, S
∗
αnα =M
∗
o3. (49)
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Nαβnβ = Σα, (50)
M∗αnα = Υo3. (51)
Now nβ is the outward unit normal vector to Γσ, and
Πoα =
(
h
2
)2 ∫ 1
−1
ζ3σoαdζ3, Moα =
h
2
∫ 1
−1
µoαdζ3,
Πo3 =
h
2
∫ 1
−1
(σo3 − σ0) dζ3, M
∗
o3 =
h
2
∫ 1
−1
(µo3 − tn3)dζ3,
Σo,α =
h
2
∫ 1
−1
σoαdζ3, Υo3 =
(
h
2
)2 ∫ 1
−1
ζ3 (µo3 − ζ3v) dζ3. (52)
We are able to evaluate the work done at the top and bottom of the Cosserat
plate by using boundary conditions (19) and (21)
∫
T∪B
(σo3u3 +mo3ϕo3)n3da =
∫
P0
(pW + vΩ03)da.
4.3 The Cosserat plate internal work density
Here we define the density of the work done by the stress and couple stress over
the Cosserat strain field:
W3 =
h
2
∫ 1
−1
(σ · γ + µ · χ) dζ3. (53)
Substituting stress and couple stress assumptions (23) - (36) and integrating
expression (53) we obtain the following expression:
W3 = S · E =Mαβeαβ +Qαωα+Q
∗
3αω
∗
α+Rαβταβ +S
∗
ατ3α+Nαβυαβ+M
∗
ατ
0
3,α,
(54)
where E is the Cosserat plate strain set of the the weighted averages of strain
and torsion tensors
E =
[
eαβ, ωβ , ω
∗
a, τ3α, ταβ , υαβ , τ
0
3,α
]
.
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Here the components of E are
eαβ =
3
h
∫ 1
−1
ζ3γαβdζ3, (55)
ωα =
3
4
∫ 1
−1
γα3
(
1− ζ2
)
dζ3, (56)
ω∗α =
3
4
∫ 1
−1
γ3α
(
1− ζ2
)
dζ3, (57)
τ3α =
3
h
∫ 1
−1
ζ3χ3αdζ3, (58)
ταβ =
3
4
∫ 1
−1
χαβ
(
1− ζ2
)
dζ3, (59)
υαβ =
1
2
∫ 1
−1
γαβdζ3, (60)
τ03α =
1
2
∫ 1
−1
χ3αdζ3. (61)
The components of Cosserat plate strain (55)-(61) can also be represented
in terms of the components of set U by the following formulas:
eαβ = Ψβ,α + ε3αβΩ3,
ωα = Ψα + ε3αβΩ
0
β,
ω∗α = W,α + ε3αβΩ
0
β ,
τ3α = Ω3,α, (62)
τ0αβ = Ω
0
β,α,
υαβ = Uβ,α + ε3αβΩ
0
3,
τ03α = Ω
0
3,α.
We call the relation (62) the Cosserat plate strain-displacement relation.
5 Cosserat Plate HPR Principle
It is natural now to reformulate HPR variational principle for the Cosserat plate
P . Let A denote the set of all admissible states that satisfy the Cosserat plate
strain-displacement relation (62) and let Θ be a HPR functional on A defined
by
Θ(s) = USK −
∫
P0
(S · E −pW + vΩ03)da+
∫
Γσ
Sn· (U − Uo) ds+
∫
Γu
So·Uds, (63)
for every s = [U , E ,S] ∈ A.Then
δΘ(s) = 0
13
is equivalent to the following plate bending (A) and twisting (B) mixed prob-
lems.
A. The bending equilibrium system of equations:
Mαβ,α −Qβ = 0, (64)
Q∗a,α + p = 0, (65)
Rαβ,α + ε3βγ
(
Q∗γ −Qγ
)
= 0, (66)
S∗α,α + ǫ3βγMβγ = 0, (67)
with the resultant traction boundary conditions :
Mαβnβ = Πoα, Rαβnβ =Moα, (68)
Q∗αnα = Πo3, S
∗
αnα = Υo3, (69)
at the part Γσ and the resultant displacement boundary conditions
Ψα = Ψoα, W =Wo, Ω
0
α = Ω
0
oα, Ω3 = Ωo3, (70)
at the part Γu.
The constitutive formulas:
eαα =
∂Φ
∂Mαα
=
12(λ+ µ)
h3µ(3λ+ 2µ)
Mαα − (71)
|εαβ3|
6λ
h3µ(3λ+ 2µ)
Mββ −
3λ
5hµ(3λ+ 2µ)
p, (72)
eαβ =
∂Φ
∂Mαβ
=
3(µc + µ)
h3µcµ
Mαβ +
3(µc − µ)
h3µcµ
Mβα, α 6= β
ωα =
∂Φ
∂Qα
=
3(µc − µ)
10hµcµ
Q∗α +
3(µc + µ)
10hµcµ
Qα, (73)
ω∗α =
∂Φ
∂Q∗α
=
3(µc − µ)
10hµcµ
Qα +
3(µc + µ)
10hµcµ
Q∗α,
τ0αα =
∂Φ
∂Rαα
=
6(β + γ)
5hγ(3β + 2γ)
Rαα − (74)
|εαβ3|
3β
5hγ(3β + 2γ)
Rββ −
β
2γ(3β + 2γ)
t,
τ0αβ =
∂Φ
∂Rβα
=
3(ǫ− γ)
10hγǫ
Rαβ +
3(γ + ǫ)
10hγǫ
Rβα, α 6= β
τ3α =
∂Φ
∂S∗α
=
3(γ + ǫ)
h3γǫ
S∗α. (75)
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B. The twisting equilibrium system of equations:
Nαβ,α = 0, (76)
M∗α,α + ǫ3βγNβγ + v = 0, (77)
with the resultant traction boundary conditions at Γσ:
Nαβnβ = Σα, (78)
M∗αnα = M
∗
o3, (79)
and the resultant displacement boundary conditions at Γu:
Uα = Uoα, Ω
0
3 = Ω
0
o3. (80)
The constitutive formulas:
ωαα =
∂Φ
∂Nαα
=
λ+ µ
hµ(3λ+ 2µ)
Nαα
−
λ
2hµ(3λ+ 2µ)
N(α+1)(α+1) −
λ
2µ(3λ+ 2µ)
σ0, (81)
ωαβ =
∂Φ
∂Nαβ
=
α+ µ
4hαµ
Nαβ +
α− µ
4hαµ
Nβα, α 6= β (82)
τ03α =
∂Φ
∂M∗α
=
γ + ǫ
4hγǫ
M∗α. (83)
We also represent the above constitutive relation in the compact form:
E = K [S] = K · S,
where we call K the compliance Cosserat plate tensor.
Proof of the principle. The variation of Θ(s)
δΘ(s) =
∫
P0
{
(K [S]− E) · δS − SδE+pδW + vδΩ03
}
da
+
∫
Γσ
{δSn· (U − Uo) + Sn·δU} ds+
∫
Γu
So·δUds.
We apply Green’s theorem and integration by parts for S and δU [5] to the
expression:
∫
P0
S · δEda =
∫
∂P0
Soδ·U ds−
∫
P0
{(Mαβ,α −Qβ) δΨβ +Q
∗
α,αδW
+
(
Rαβ,α + ε3βγ
(
Q∗γ −Qγ
)
Rαβ,α
)
δΩ0β
+
(
S∗α,α + ǫ3βγMβγ
)
δΩ3 +Nαβ,αδUβ
+
(
M∗α,α + ǫ3βγNβγ
)
δΩ03}da.
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Then based on the fact that δU and δE satisfy the Cosserat plate strain-
displacement relation (62), we obtain
δΘ(s) =
∫
P0
{(K [S]− E) · δS − SδE} da
+
∫
P0
{(Mαβ,α −Qβ) δΨβ +
(
Q∗α,α + p
)
δW
+
(
Rαβ,α + ε3βγ
(
Q∗γ −Qγ
)
Rαβ,α
)
δΩ0β
+
(
S∗α,α + ǫ3βγMβγ
)
δΩ3 +Nαβ,αδUβ +
(
M∗α,α + ǫ3βγNβγ + v
)
δΩ03}da
+
∫
Γσ
δSn· (U − Uo) ds+
∫
Γu
(So − Sn)·δUds.
If s is a solution of the mixed problem, then
δΘ(s) =0.
On the other hand, some extensions of the fundamental lemma of calculus
of variations [5] together with the fact that U and E satisfy the Cosserat plate
strain-displacement relation (62) imply that S is a solution of the A and B
mixed problems.
Remark. In the case of τ3α = Ω3,α = 0 we obtain that S
∗
α = 0. and M is
symmetric, i.e. Mαβ =Mβα and the corresponding constitutive relation is
eαβ =
∂Φ
∂Mαβ
=
6
h3µ
Mαβ
The bending system for this case (64)-(67) is reduced to the following:
Mαβ,α −Qβ = 0, (84)
Q∗a,α + p = 0, (85)
Rαβ,α + ε3βγ
(
Q∗γ −Qγ
)
= 0. (86)
We also notice
ω − ω∗α =
3
5hµc
(Qα −Q
∗
α)
ω + ω∗α =
3
5hµ
(Qα +Q
∗
α)
and the case µc = 0 is consistent with the requirements
Q∗α = Qα and Ψα =W,α
Thus we obtain the equilibrium system in the decoupling form:
Mαβ,α −Qβ = 0, (87)
Qa,α + p = 0, (88)
Rαβ,α = 0. (89)
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6 Solution Uniqueness
Here we prove that if there is a solution for the deformation of a Cosserat
elastic plate, which satisfies the equilibrium equations (64) - (67), (76) - (77),
constitutive (71) - (75), (81) - (83) and kinematics formulas (62) with boundary
conditions (68), (69), (79),(78) at Γσ and (70) and (80) at Γu then this elastic
solution must be unique. We also assume that all functions and the plate middle
plane region P0 satisfy Green - Gauss theorem requirements.
The proof will be based on contradiction. Let us assume that the solution
of the Cosserat plate is not unique in terms of the stresses and strains, i.e. there
would be two different solutions of (64) - (67) and (76) - (77), both of which
satisfy the same boundary conditions (20) and (22) at Γσ and (70) and (80) at
Γu. Due to linearity of the proposed model, the difference between these two
different solutions is also a solution of the same system of equations with the
following zero boundary conditions:
Mαβnβ = 0, Rαβnβ = 0, (90)
Q∗αnα = 0, S
∗
αnα = 0,
Nαβnα = 0 ,M
∗
αnα = 0 , (91)
or
Ψα = 0,W = 0, V β = 0, Ω
0
i = 0, Ω3 = 0, Uα = 0. (92)
It can be shown that for zero loads, the internal work U can be expressed
by applying integration by parts as follows:
U =
∫
P0
S · Eda =
∫
P0
{
(
MαβΨα +Q
∗
βW +RαβΩ
0
α + S
∗
βΩ3 +NαβUα +M
∗
βΩ
0
3
)
,β
− (Mαβ,α −Qβ)Ψβ −Q
∗
α,αW
−
(
Rαβ,α + ε3βγ
(
Q∗γ −Qγ
)
Rαβ,α
)
Ω0β (93)
−
(
S∗α,α + ǫ3βγMβγ
)
Ω3 −Nαβ,αUβ
−
(
M∗α,α + ǫ3βγNβγ
)
Ω03}da.
Taking into account Green’s theorem, the equilibrium equations (64) - (67) and
(76) - (77), expression (93) is reduced to the following line integral:
U =
∮
Γ
Sn·Uds =
∮
Γ
(
MˇαΨα + Qˇ
∗W + RˇαΩ
0
α + Sˇ
∗Ω3 + NˇαUα + Mˇ
∗Ω03
)
ds = 0,
(94)
which vanishes because of the zero boundary conditions (90)-(92).
Using the constitutive equation (71) - (75), (81) - (83) in a reversible form,
the positive definite quadratic form strain energy density (41) can be represented
in terms of the Cosserat plate strain set E , which components in this case
should be zeros. Then from the Cosserat plate strain-displacement relation (62)
we obtain the system:
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U1,1 = 0, U2,2 = 0, U2,1 − Ω
0
3 = 0, U1,2 +Ω
0
3 = 0,
W,1 +Ω
0
2 = 0, W,2 − Ω
0
1 = 0, Ψ1,1 = 0, Ψ2,2 = 0, Ω3,1 = 0, Ω3,2 = 0,
Ψ2,1 − Ω3 = 0, Ψ1,2 +Ω3 = 0, Ψ1 − Ω
0
2 = 0, Ψ2 +Ω
0
1 = 0,
Ω01,1 = 0, Ω
0
2,2 = 0, Ω
0
1,2 = 0, Ω
0
2,1 = 0, Ω
0
3,1 = 0, Ω
0
3,2 = 0,
which has the following solution:
Uα = ε3βαΩ
0
3xβ + U
0
α, W = ε3αβΩ
0
αxβ +W
0, Ψα = ε3αβΩ
0
β, Ω3 = 0,
where constant parameters U0α, W
0 are the rigid translations of the middle
plane, Ω0i the component of the rigid rotation of the plane around xi axis, and
Ω3 the slope of the rigid rotation around x3. Thus the difference between any
two deformations and microrotations of the plate, having the same boundary
conditions, represents changes of the plate as a rigid body.
7 Conclusion
We generalized Hellinger-Prange -Reissner (HPR) principle in order to derive
the new equilibrium equations in the middle plane and constitutive relationships
for the plate. The polynomial approximations of the variation of couple stress
and micropolar rotations in the thickness direction in order higher than one
allowed us, based on the generalized HPR principle, to project Cosserat 3D
Elasticity equilibrium equations into the new form of equilibrium equations and
the constitutive relations in the middle plane of the plate.
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